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Abstract
Charge conjugation, parity transformation and time reversal symmetry (CPT) violation and
Lorentz invariance can coexist in the framework of non-local field theory. In this article we have
proposed a class of Charge conjugation, parity transformation and time reversal symmetry (CPT)
violating Lorentz invariant nonlocal gauge-invariant models, which can be termed as non-local
Thirring models. The conserved currents in this aspect are obtained.
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1. INTRODUCTION
Within Lorentz invariant framework, every local quantum field theory obey the well
established CPT theorem. This is immediately followed by the equality of mass of particle
and corresponding antiparticle. Therefore, it is natural to give the first effort by using the
non-local theory to deal with the particle-antiparticle mass splitting phenomenon which
has been speculated by recent data analysis [1–4]. The concrete mathematical formulation
as well as physical implications of non-local field theory have been studied in great detail
in literature of theoretical physics by several authors [5–14].
The meaning of particle and corresponding anti-particle is apparently not so clear and
it is not well understood whether such nonlocal theory can have sensible S-matrix. But,
if we adopt the usual meaning of particle and corresponding anti-particle from the idea
of local field theoretical models, one can see that inclusion of non-locality may break the
equality of mass of particle and antiparticle. An effort to explain the particle anti-particle
mass splitting is given in [15–18] in the framework of CPT violating, but Lorentz invariant,
non-local interactions.
To keep track with gauge-invariance in non-local theory, one can easily understand that
we have to introduce non-integrable phase factor (this can be replaced by a first quantized
very massive particle propagation; an analogue of the Chan-Paton factor in string theory
[18]) in nonlocal interaction part. It is a successful attempt by Chaichian et al [18] to
incorporate the gauge-invariant scenario in Lorentz invariant CPT-violating non-local cases.
For an introduction to the non-local field theory, one can see Ref. [19].
The models discussed by Chaichian et al. [18] are in 1 + 3 dimension. But, all the
formalisms of [15–19] can directly be used in 1+1 dimensional case. As one of our motivation
is to study the Thirring model, so we confine ourselves in 1 + 1 dimension. Thirring model
is a completely soluble 1 + 1- dimensional quantum field theory covariant with respect to
Lorentz transformations in 1 + 1 dimensions [20–24]. One of the important observation is
that the fundamental fermion of the Thirring model can be identified with the soliton of the
Sine- Gordon [20, 25, 26] equation which is the theory of massless scalar field.
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2. GAUGE INVARIANT NONLOCAL THIRRING MODELS
2.1. Models under Consideration
We consider the action
S =
∫
d2x{ψ¯(x)i /Dψ(x)−mψ¯(x)ψ(x)− λjµ(x)jµ(x)−
µ˜
∫
d2yθ(x0 − y0)δ((x− y)2 − l2)J(x, y) + C.C} −
1
4
∫
d2xF µν(x)Fµν(x) (1)
Here, ψ are the Dirac fields, /D = γµDµ, γ
µ are the usual Dirac matrices, Dµ = ∂µ− ieAµ
is the covariant derivative, jµ(x) = ψ¯(x)γµψ(x), λ and µ˜ are the coupling constants,
θ(x) stands for the usual Heviside step function, δ(x) is the usual Dirac delta function,
F µν(x) = ∂µAν − ∂νAµ. J(x, y) in the nonlocal term which will be different for different
cases under consideration. The coupling constant µ˜ will be different for different cases.
In general, inclusion of non-locality may break the local gauge-invariance of the theory.
The problem can be solved [18] by introducing Schwinger’s non-integrable phase factor
eie
∫
x
y
Aµ(z)dzµ in the interaction term.
In this article we have considered the following types of interaction
Case-I
Sint1 = −iµ
∫
d2xd2yψ¯(x)γµeie
∫
x
y
Aµ(z)dzµψ(y)θ(x0 − y0)
δ((x− y)2 − l2)jµ(y) + C.C (2)
Here, we have chosen µ˜ = iµ (where, µ real) purely imaginary. The action is invariant under
the gauge-transformation
ψ(x)→ eiα(x)ψ(x)
Aµ(x)→ Aµ(x) +
1
e
∂µα(x) (3)
The other interaction which is invariant under the same gauge transformation reads
Case-II
Sint2 = −µ
∫
d2xd2yψ¯(x)γµeie
∫
x
y
Aµ(z)dzµψ(y)(θ(x0 − y0)− θ(y0 − x0))
δ((x− y)2 − l2)ψ¯(x)eie
∫
x
y
Aµ(z)dzµγµψ(y) (4)
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Here, µ˜ = µ is real.
2.2. CPT Non-conservation
The combination of discrete transformation of charge conjugation, parity and time rever-
sal (CPT), effectively flips the sign of all coordinates and also performs a complex conju-
gation. By applying the CPT operation in our models, one can easily see that CPT is not
conserve in all the above mentioned nonlocal interactions.
In particular, for Case-I, the nonlocal interaction term transforms under CPT as
− iµ
∫
d2xd2yψ¯(y)γµeie
∫
x
y
Aµ(z)dzµψ(x)θ(x0 − y0)δ((x− y)2 − l2)jµ(x)
+iµ
∫
d2xd2yjµ(y)θ(y0 − x0)δ((x− y)2 − l2)ψ¯(y)γµe
ie
∫
x
y
Aµ(z)dzµψ(x) (5)
which is not identical with the actual interaction term.
Also, by direct applying the CPT operation, it is not difficult to see that, the second type
of interaction term (Case-II) transform as
µ
∫
d2xd2yψ¯(x)γµeie
∫
x
y
Aµ(z)dzµψ(y)[θ(x0 − y0)− θ(y0 − x0)]δ((x− y)2 − l2)
ψ¯(x)eie
∫
x
y
Aµ(z)dzµγµψ(y) (6)
i.e, CPT = −1.
One can see that if µ is purely imaginary, CPT is conserved in that case.
It is interesting that the CPT- and T-violating term is real in the present case. T-violating
terms usually carry imaginary coupling constants in the ordinary local field theory.
In the next section it is shown how the conserved current looks like for these non-local
models.
3. CURRENT CONSERVATION
Using proposal of [18], we can replace non-integrable phase factor (considering the non-
integrable phase factor as an independent dynamical entity) by a first quantized very massive
4
particle propagation defined by covariant path integral
eie
∫
x
y
Aµ(z)dzµδα,β ⇒
∫
Dzµ exp{i
∫ x
y
1
2
[(z˙µ)2 +M2]dτ
+ie
∫ x
y
Aµ(z)
dzµ
dτ
dτ}δα,β (7)
The consequences of that can be seen from [18] and [27].
As the fermion pair creation can be examined through the lowest order interaction, we
expand the non-integrable phase factor to the lowest order in O(e) as follows
eie
∫
x
y
Aµ(z)dzµ = 1 + ie
∫ x
y
Aµ(z)dz
µ (8)
Now we shall study each of the two cases separately.
3.1. Case- I
The electromagnetic current is defined by [18]
J µ(w) =
δ
δAµ(w)
SI (9)
Where SI is interaction term.
Interaction part for the lowest order pair creation is given by
SI1 = e
∫
d2xψ¯(x) /A(x)ψ(x) + eµ{
∫
d2xd2yψ¯(x)γµ[
∫ x
y
Aµ(z)dz
µ
ψ(y)Θ(x0 − y0)δ((x− y)2 − l2)jµ(y)] + C.C} (10)
Where zµ stands for the coordinate of the massive particle.
And the corresponding electromagnetic current is
J µ1 (w) =
δ
δAµ(w)
SI1
= eψ¯(w)γµψ(w)− eµ
∫
d2yψ¯(w)γµψ(y)θ(w0 − y0)
δ((w − y)2 − l2)jµ(y) + eµ
∫
d2yψ¯(y)γµψ(w)
θ(y0 − w0)δ((w − y)2 − l2)jµ(w)− C.C (11)
Here, we have used
∂
∂wµ
δ(z(τ)− w)
dzµ
dτ
= −
d
dτ
δ(z(τ)− w) (12)
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In true sense the inclusion of path integral for the very massive particle will alter the δ(z(τ)−
w)dz
µ
dτ
term as
1
Z
∫
d2z′δ2(z′(τ)− w)〈x, τx|z
′, τ〉
dz′µ
dτ
〈z′, τ |y, τy〉
=
1
Z
〈x, τx|δ
2(z(τ)− w)
dzµ(τ)
dτ
|y, τy〉 (13)
where Z is the normalization factor of the path integral partition function.
Now the current J µ1 (w) is indeed conserve (∂µJ
µ
1 (w) = 0) by virtue of the equation of
motion and the conjugate equation.
3.2. Case- II
The relevant part for the lowest order pair creation in that case is given by
SI2 = e
∫
d2xψ¯(x) /A(x)ψ(x)− 2ieµ
∫
d2xd2yψ¯(x)γµ[θ(x0 − y0)−
θ(y0 − x0)]δ((x− y)2 − l2)(
∫ x
y
Aµ(z)dz
µ)ψ(y)ψ¯(x)γµψ(y) (14)
And the current,
J µ2 (w) = eψ¯(w)γ
µψ(w)− ieµ
∫
d2y[θ(y0 − w0)− θ(w0 − y0)]
δ((y − w)2 − l2)ψ¯(y)γµψ(w)ψ¯(y)γµψ(w) + C.C (15)
which is conserved by virtue of the equation of motion and conjugate equation.
4. RESULTS AND DISCUSSION
We have proposed a class of CPT violating nonlocal models which can be termed as
nonlocal Thirring models. Our model is invariant under U (1 ) gauge transformation. The
modified currents which are conserved are given explicitly in eqs. (11) and (15).
5. CONCLUSIONS
We have seen that for non-local theory, with the help of inclusion of Swinger non-
integrable phase factor, we can make the theory gauge invariant, which gives us the conserved
6
currents.
Intuitively one may argue that inclusion of intermediate very massive (indefinite) particle (
eq. (7)) propagation may break the equality of masses of particle and corresponding anti-
particle and one will observe the possible mass-splitting between particle and antiparticle.
One can see that particle antiparticle mass-splitting is evident for the discussed cases given
in [28]. However, particle anti-particle mass-splitting mentioned in Ref. [1–3] and inter-
preted in [15–19] takes place in four dimensions, while our study is in 1 + 1 dimension. We
can say that, the idea of four dimensions may be used in the lower dimensional field theory
as well.
In general, all known nonlinear integrable systems have soliton like solution. Non-locality
may break the profile of solitonic nature. This may be an interesting study.
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